We study the transport of inertial Brownian particles in steady laminar flows in the presence of two-dimensional Gaussian potentials. Through extensive numerical simulations, it is found that the transport is sensitively dependent on the external constant force and the position of the Gaussian potential. Under specific parameter conditions, the system exhibits some interesting transport phenomena. In the absence of any external driving forces, the spontaneous rectification of the particles can be controlled by changing the position of the Gaussian potential. When the potential is at the center of the cellular flow, the particles move in a direction opposite to the constant force, i.e., exhibiting absolute negative mobility. Absolute negative mobility can be enhanced obviously by varying the system parameters. More importantly, we can observe the phenomenon of ANM in a wider range of the system parameters, which may pave the way to the implementation of related experiments. PACS numbers: 05.60.-k, 05.45.-a Keywords: Brownian particles, spontaneous rectification, absolute negative mobility 1 arXiv:1902.08947v1 [cond-mat.soft] 24 Feb 2019 I. INTRODUCTION
incompressible laminar flow and observed the phenomena of negative differential mobility and absolute negative mobility, where the velocity field played the key role in these nonlinear behavior. By applying a one-dimensional periodic potential, Ai and co-workers [45] found that absolute negative mobility can be drastically enhanced by choosing appropriate phase and height of the potential. In this paper, we study the transport of inertial Brownian particles in steady laminar flows in the presence of Gaussian Potentials. Different from the previous studies [42] [43] [44] [45] , the present system can exhibit the phenomena of spontaneous rectification and absolute negative mobility, simultaneously. In the absence of any external forces, the Gaussian potential produces the asymmetry of the system and induces the directed transport of Brownian particles. When the potential is at the center of the cellular flow, absolute negative mobility can be dramatically enhanced in a wider range of the system parameters. We consider a two-dimensional system of size L × L with periodic boundary conditions, see Fig. 1 (a). In the system, an inertial particle with spatial coordinates (x, y) and velocities
II. MODEL AND METHODS
(v x , v y ) moves in a divergenceless cellular flow (U x , U y ). The dynamics of the particle can be described by the following equations [42] [43] [44] [45] ,
Here τ is the Stokes time, D denotes the diffusion coefficient. ξ x and ξ y model white Gaussian noises with zero mean and obey ξ i (t)ξ j (t ) = δ ij δ(t − t ) for i, j = x, y. m is the mass of the inertial particle, and is set to 1 throughout the work. The divergenceless cellular flow (U x , U y ) = (∂ϕ/∂y, −∂ϕ/∂y) [46] and the stream-function ϕ(x, y) has the form, ϕ(x, y) = LU 0 /(2π)sin(2πx/L)sin(2πy/L).
In this paper, the particle is subjected to the force field consists of two parts, a external constant force f along the x direction, and the substrate forces F x and F y from the Gaussian potentials,
where A and ε control the strength and size of the potential, respectively. The region influenced by the potential decreases with the increaseing of ε. ∆x and ∆y are the spatial coordinates of the potential in a two-dimensional period, see Fig. 1 
In the following, we introduce the characteristic length L and time L/U 0 by setting L = 1 and U 0 = 1, respectively. For simplicity, we only investigate the transport of Brownian particles for the case of ∆y = 0.5. In numerical simulations, we integrate Eqs. (1-4) by using the second-order stochastic Runge-Kutta algorithm with the time step and the total integration time being 10 −4 and 10 4 , respectively. Thus, the average velocity of particles along the x direction can be calculated as
where ... denotes the average over trajectories of the particle with random initial conditions and noise realizations. In this section, we mainly explore how the spatial position of Gaussian potential affects the transport of inertial Brownian particles. We first plot the velocity-force curves for different values of ∆x in Fig. 2 . When the spatial position of the Gaussian potential is asymmetric in the cellular flow, e.g., ∆x = 0.3, the transport exhibits a complex behavior due to the presence of the Gaussian potential and may reverse its direction by varying the constant force. When ∆x = 0.7, the transport shows a completely opposite result compared to the case of ∆x = 0.3, see Fig. 2 (a). In the absence of any external force (f = 0), a interesting phenomenon of spontaneous rectification appears due to the presence of the system asymmetry induced by the Gaussian potential. However, when the Gaussian potential is at the center of the cellular flow (∆x = 0.5), the system exhibits the anomalous phenomenon of ANM, see Fig. 2 (b). More remarkably, ANM can be dramatically enhanced compared to the Refs. [42, 43, 45] , and the range of f for the appearance of ANM is increased by a factor of 3 compared to the Ref. [45] . In order to understand the details of the transport, we plot the trajectories of inertial Brownian particles to explain the transport behavior shown in Fig. 2 . From Fig. 3 , there exist some preferential channels [42] , and the particles may move along these paths depending on the potential position. We first analyse the case of ∆x = 0.3 in Figs. 3(a-c). When f = −0.2, the Gaussian potential obstruct the movement of the particles in the −x direction, meanwhile the divergenceless cellular flow guides the particles to move along the two preferential channels shown in Fig. 3(a) , thus the average velocity is positive. When f = −0.14, the particles frequently collide with the potential [see Fig. 3 (b)], there are no preferential channels, thus the average velocity tends to zero. When f = 0.0, the Gaussian potential produces the asymmetry of the system, and provides two preferential channels shown in Fig. 3(c) for Brownian particles. Obviously, the trajectories in Fig. 3 (c) is more directed compared to that in Fig. 3(a) , and the average velocity approaches 0.5 [see Fig.   2 (a)]. For the case of ∆x = 0.5, the system asymmetry is completely determined by the constant force f . When f = 0.05, there exist two preferential channels shown in Fig. 3(d) in the movement process, thus the system exhibits the phenomenon of ANM.
The above results show apparent advantages over other papers [42, 43, 45] . Therefore, we should give more details about large enhancement. In the following, two specific cases will be discussed in detail: spontaneous rectification at f = 0.0 and absolute negative mobility at ∆x = 0.5.
A. Spontaneous rectification The average velocity v x as a function of the position ∆x is shown in Fig. 5(a) for different values of D. When D = 0, the system is deterministic, the average velocity v x shows a nonmonotonic behavior with the increase of ∆x. With the increasing of the diffusion coefficient D, the average velocity v x decreases monotonically, see the case of ∆x = 0.3 in Fig. 5(b) . When D is large enough, e.g., D = 0.1, the average velocity v x exhibits a nonmonotonic behavior with a bell shaped, there exists an optimized value of ∆x at which the average velocity takes its maximal value [see Fig. 5(a) ]. However, for the case of ∆x = 0.2 in Fig. 5(b) , the average velocity v x decreases first, then increases, and finally decreases to zero at very large D. Therefore, the environment noise may be benefit to the particle rectification under some specific conditions. Figure 6 shows the average velocity v x as a function of the position ∆x for different values of τ . It is found that the transport is sensitively dependent to the Stokes time. When the Stokes time is very small, e.g., τ = 0.1, the cellular flow induces the particles to move along the velocity field and dominates the transport. Here, we mainly explain the transport in the case of ∆x = 0.15. In Fig. 6(b) , we plot the diagrammatic sketch at τ = 0.1 and ∆x = 0.15. We assume the point A is the initial In order to illustrate the effects of the Gaussian Potentials on the appearance of ANM, we plot the velocity-force curves and some contour plots of the average velocity versus the system parameters. small. Through numerical simulation, we find that the decreasing of A is beneficial to the appearance of ANM under appropriate conditions. For the case of A = 0.2, see Fig. 7(c) , the amplitude of ANM is greatly improved when ε = 10.0. And the range of f for observing ANM is further increased compared to that in Fig. 2(b) .
In order to investigate the dependence of v x on A and f in detail, we plot the contour
plots v x versus the strength of the potential A and the constant force f at ε = 7.0 in Fig. 7(d) . There exist two regions for appearance of ANM. One can observe a more obvious phenomenon of ANM in the range of 0.05 < A < 0.3 compared to the case of A > 0.75. In the following investigations, we will choose the parameters 0.05 < A < 0.3 and ε = 7.0. The random fluctuations may play an key role for the appearance of ANM [32] , while suppress this phenomenon in steady laminar flows [42] [43] [44] [45] . The dependence of v x on the constant force f for different D is presented in Fig. 8(a) . When the diffusion coefficient is large, e.g., D = 0.01, the average velocity v x increases monotonically with the constant In Fig. 9(a) , we investigate the average velocity v x versus the constant force f for different values of τ . It is found that a proper value of τ can promote the appearance of ANM, see the case of τ = 1.0. Moreover, the range of f for the appearance of ANM is increased by a factor of 5 compared to the Ref. [45] . However, when the Stokes time is small or large, the range of f for ANM are both small, see the cases of τ = 0.5 and τ = 2.0. A detailed contour plots v x versus τ and f are plotted in Fig. 9(b) . It is found that ANM may occur in a range of 0.4 < τ < 3.0. When the Stokes time increases from 1.0 to 3.0, the range of f for ANM decreases.
IV. CONCLUDING REMARKS
In conclusion, we numerically investigated the transport of inertial Brownian particles induced by Gaussian potentials in steady laminar flows. We found that the transport is sensitively dependent on the external constant force for different positions of Gaussian potential. In the absence of any external driving forces, the Gaussian potential produces the asymmetry of the system and induce the spontaneous rectification of particles. The simulation results show that the rectification can be strongly enhanced by applying a proper Gaussian potential and the average velocity can approach 0.5. Generally speaking, the average velocity decreases monotonically with the increasing of the diffusion coefficient, while exhibits a nonmonotonic behavior at particular position (e.g., ∆x = 0.2). When the Stokes time is small (τ = 0.1), the transport may reverse its direction under the combined action of the Gaussian Potential and the cellular flow. In addition, we also studied the velocity-force 
